
Machine Perception: CNN

1 1D Convolution

In this question we consider the 1-Dimensional case of convolution layer with zero padding. As illustrated in Fig. 1,
the input feature vector x ∈ R5 is convolved by a kernel k ∈ R2 to y ∈ R5.

0 x1 x2 x3 x4 x5 ∗ k1 k2 = y1 y2 y3 y4 y5

Figure 1: 1D convolution with zero padding.

(a) Write down the formula to compute each element of the output yi.

y1 = k1 · x1 (1)

yi =

2∑
j=1

k j · xi− j+1, i = 2...5 (2)

(b) Convolution is a linear operator which can be written in the form of matrix multiplication y = Mx. Derive the
convolution matrix M as a function of the kernel elements k1, k2.

M =


k1 0 0 0 0
k2 k1 0 0 0
0 k2 k1 0 0
0 0 k2 k1 0
0 0 0 k2 k1

 (3)

(c) The graph in Figure.2 (a) represents a fully connected layer, which also performs matrix multiplication. Based on
the convolution matrix M, draw the connections for the convolution layer in Figure.2 (b) and label the weight for each
edge. Hint: discard zero-entries.

See Figure.2 (b). Blue edges have a weight of k1. Green edges have a weight of k2.

(d) According to Figure.2 (b), name the differences between convolution layers and fully connected layers.

Parameter sharing: in this case the convolution layer has only 2 parameters which are reused for multiple times, while
the fully connected counterpart uses 25 parameters.

Local connectivity: in convolution layers neurons are connected only locally while in fully connected layers neurons
are connected globally.
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(b) convolution layer

Figure 2: Fully connected layer and convolution layer

2 Forward and backward

1. In the following is a 2D convolution layer followed with a ReLU activation layer and a max pooling layer. Calculate
outputs of these layers Y, Y′ and Y′′ during the forward pass.

0 0 1 1 0
0 1 0 1 1
1 1 1 1 0
1 0 1 1 1
1 1 0 1 1

1 0 1
0 1 0
0 1 0

3 3 3
4 2 4
2 4 3

3 3 3
4 2 4
2 4 3

4

X K Y = X ∗K Y′ = ReLU(Y) Y′′ = Pool(Y′)

2. Given the ∂E/∂Y′′, calculate the partial deriviative of the error w.r.t Y′,Y,K and X for back-propagation.

0 0 0 0 0
0 1 0 0 0
0 1 0 0 0
1 0 1 0 0
0 0 0 0 0

1 0 1
1 1 1
0 1 0

0 0 0
1 0 0
0 0 0

0 0 0
1 0 0
0 0 0

1

∂E/∂X ∂E/∂K ∂E/∂Y ∂E/∂Y′ ∂E/∂Y′′

Explanation

Forward

Without padding, the convolution starts at (2, 2) so that each element in K has one element in X to multiply with. This
is commonly referred to as ”valid” padding mode in deep learning frameworks. Thus, we have:

yi, j =

2∑
m=0

2∑
n=0

x2+i−m,2+ j−n · km,n, i = 0...2, j = 0...2 (4)

with which we can compute the forward pass.

2



Backward

Method 1

The first way to compute the gradients is to use

∂E
∂xi, j

=

2∑
i′=0

2∑
j′=0

∂E
∂yi′, j′

·
∂yi′, j′

∂xi, j
(5)

Given:
∂E
∂Y
=

0 0 0
1 0 0
0 0 0

 , (6)

we have:

∂E
∂xi, j

=

2∑
r=0

2∑
j=0

∂E
∂yr, j′

·
∂yr, j′

∂xi, j
(7)

=
∂y1,0

∂xi, j
(8)

=
∂
∑2

m=0
∑2

m=0 x3−m,2−n · km,n

∂xi, j
(9)

=
∂(x3,2 + x3,0 + x2,1 + x1,1)

∂xi, j
. (10)

By Equation (10) we know that the gradients at (3, 2), (3, 0), (2, 1) and (1, 1) are 1 and elsewhere 0. Similarly, for ∂E
∂K :

∂E
∂km,n

=
∂

∂km,n
(k0,0 + k0,2 + k1,0 + k1,1 + k1,2 + k2,1). (11)

Method 2

We can also compute the gradients with cross-correlation. As derived in the lecture, ∂E
∂X =

∂E
∂Y ∗ rot180(K). Recalling

the relationship between convolution and correlation, we can rewrite the above equation as ∂E
∂X =

∂E
∂Y ∗ K (actually

∂E
∂xi j
= Σ2

m=0
∑2

n=0
∂E

∂yi−2+m, j−2+n
· km,n because of the offset in Equation 4) for the convenience of computation, where ∗

stands for correlation. This can be computed by sliding the kernel K over ∂E
∂Y which should be straight-forward.

Similarly, for ∂E
∂K we have ∂E

∂K =
∂E
∂Y ∗ X = rot180(X ∗ ∂E

∂Y ), which can be computed by sliding over X. The calculation
process is illustrated in Figure 3. (For other padding modes the correlation might start from other locations.)
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Figure 3: Calculate gradients for convolution with cross-correlation.
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