Machine Perception - Pen & Paper
RNNs

Instructor: Prof. Otmar Hilliges
TA: Manuel Kaufmann

1 Finding the Weights

Consider the recurrent structure shown in Figure [T} The model is defined as follows:

he = f(wix; + wahi_y + by)
v = gwsh; + b3)
gx)=x

O

o~ =
no V)
[

&
I

s
&
I

hinit -
f@)=—

Figure 1: A recurrent architecture.

This RNN is supposed to count how many 1Is have occurred in a sequence until step . For example, if the input
sequence is 011010 the output of the RNN should be 012233. Fill in the blanks for the weights, biases, initial value of
h and the activation function f(x) such that this output can be produced.



2 Backpropagation Through Time

2.1 A Note on Layout Conventions

Matrix calculus generalizes scalar derivatives to higher-dimensional cases, e.g. deriving a vector by a scalar, a vector by
a vector, a scalar by a matrix, etc. Performing these derivatives always boils down to element-wise scalar derivatives,
which are well-defined. However, how to write down the element-wise derivatives in matrix notation is purely a matter
of convention. E.g., consider the scalar function f(x). When computing the gradient V f(x) = g—i we could write down
the result as a row-vector or a column-vector. Both is equally correct. Similarly, when deriving x € R™ by y € R" the
result could be a m X n or a n X m matrix.

Generally, there are two layout conventions:

¢ In the numerator layout the gradient is a row vector and dx/dy is a m X n matrix, i.e. the size of a column is
determined by the dimensionality of the numerator (x).

¢ In the denominator layout the gradient is a column vector and dx/dy is a n X m matrix, i.e., the size of a column
is determined by the dimensionality of the denominator (y).

Unfortunately, it is very easy to mix the two conventions. This is not wrong per se, but it can easily lead to the
introduction of actual errors. Hence, we recommend sticking to one layout convention. In the following we use the
numerator layout convention (for no particular reason).

Here’s some more information you might find useful.

o Strictly speaking, the term gradient (V) refers to the vector-derivative of a scalar function, i.e. Vf(x) = df(x)/0x
for f: R” — R. In introductory calculus courses it is usually written as a column vector, which implicitly
assumes the denominator layout. In Deep Learning, the term “gradient” is used more loosely for all sorts of
matrix or vector valued derivatives.

e No matter which layout you use, matrix multiplications within your derived quantity must always be valid.
E.g., ""(;% = x"(A + AT) in numerator layout. In denominator layout, the result is just the transpose of this, i.e.
(A+AT)x. Both these answers are correct, but it would for example be incorrect to write (A+AT)x”. This seems
trivial here, but to verify your answer, it is always a good idea to check whether at least the dimensionalities of
the matrices and vectors involved work out (i.e., multiplication, addition, etc. are well defined).

e Before you start deriving a quantity, it might be helpful to first think about what you are deriving (scalar, vector,
matrix) and w.r.t. what (scalar, vector, matrix). This then lets you determine what the dimensionality of the
output quantity should be (e.g. a scalar derived by a vector must be a vector, a vector derived by a vector must
result in a matrix, etc.).

o If you feel stuck, try to look at the derivative element-wise, rather than doing everything in your head in matrix
notation. Remember, the resulting matrices just serve as a fancy (and more efficient) way to collect all the
element-wise derivatives.

o This Wiki page contains a nice overview and further information.

2.2 Defining the Cell

Have a look at the recurrent architecture shown in Figure [2|and answer the following questions.

In the sketch of the recurrent cell in Figure 2| we use similar notation as for the LSTM sketch shown in the lecture.
Define the update rules for the sketch shown in the figure, i.e. given the inputs k,_; and x; write down how a;, k,, and
o, are computed.


https://en.wikipedia.org/wiki/Matrix_calculus#Layout_conventions
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Figure 2: Another recurrent architecture. Top: Compact representation of the RNN with & denoting the memory state
of the recurrent cell. y is the prediction and L the loss function. Bottom: Definition of the recurrent cell for a given
time step ¢. Trainable parameters are U, V, W, b, c.

2.3 Loss Function

Assume the RNN in Figure [2] performs classification at every time step, i.e. y, is a one-hot vector specifying the
true class and y, is the predicted probability distribution. To obtain a valid distribution from the outputs o,, we use a
softmax activation function, i.e.

¥, = softmax(o,)

We choose the negative log-likelihood as the loss function at time step ¢ and the final loss value L is just the sum over
each time step. For this setting, write down the definition of the softmax function, the definition of L;, and the final
loss value L. You can assume that there are a total of K (mutually exclusive) classes.

2.4 Gradients

We now unfold the RNN for 7 time steps and compute some of the gradients used during backpropagation. To save
space, reuse results that you derived in previous subquestions (e.g. the quantity found in a) can be used again in b)).

a) Compute the gradient of the loss at time step ¢ w.r.t. the outputs oy, i.e. find dL,/do;.

b) Compute the gradient of the final loss w.r.t. the outputs oy, i.e. find dL/do;.

¢) Compute the gradient of the loss at time step ¢ w.r.t. the memory state at that time step, i.e. find dL,/0h,.
d) Compute the gradient of the final loss w.r.t. the memory state at time step ¢, i.e. find dL/dh,.

e) Compute the gradient of the final loss w.r.t. the cell parameter V, i.e. find dL/0V. You may use the fact that
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2.5

More Gradients

So far we have only computed gradients w.r.t. quantities that were not part of the recurrent cell. In the following, we
will have a look at some of those internal to the cell.

a) First, let’s have a closer look at the multi-variable chain rule. Specifically, we want to show that

b)
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Note the subtle difference in notation where we use the full and partial derivative. Hint: You can simply show
this by defining a column vector v(r) = [x(z), y(t)]T and then deriving by ¢ using the normal matrix calculus rules.

In the lecture we have seen that to compute dL,;/0W we need to sum up gradients from time step 1 to 7. Here,
we want to find out why this is the case. In other words, show that
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Note that 0" hy/OW denotes the immediate derivative, i.e. when computing this derivative we can assume that
hy, does not depend on W for k' < k. Hint: Apply the chain rule as usual and make use of the above multi-
variable version when appropriate. Above we derived it for scalars, but it also applies to vector- or matrix-valued
functions.

Find 0h,/0h; for k < t.
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