
Machine Perception - Pen & Paper Solutions
Generative Models - Normalizing Flows

1 Planar Normalizing Flow

In the lecture, you learned the basics of normalizing flow. In this exercise, we will study planar normalizing flows:
Given the latent variable z ∈ Rd and the observation x ∈ Rd, the mapping function is given by

x = f (z) = z + u · h
(
wTz + b

)
, (1)

where u ∈ Rd, w ∈ Rd and b ∈ R are learnable parameters, and h(·) is a nonlinear activation function. You can assume
that f is continuously differentiable and invertible.

Question 1: Assuming z ∼ N(0, I), i.e., pz(z) =
∏

i
1
√

2π
e−

z2
i
2 , proof that the objective function over the learnable

parameters u, w and b can be

arg minL = arg max{log px(x)} = arg min
{
|z|2

2
+ log |1 + h

′

uTw|

}
, (2)

in which h
′

(s) = ∂h/∂s.

hint: matrix determinant lemma, change of random variables.

According to Eq. 1, we can get

∂ f
∂z
= I + u

∂h
∂z

(3)

= I + h
′

uwT . (4)

According to the matrix determinant lemma, we can have∣∣∣∣∣det
∂ f
∂z

∣∣∣∣∣ = ∣∣∣det(I + h
′

uwT )
∣∣∣ = ∣∣∣1 + h

′

uTw
∣∣∣ . (5)

The principle of change of random variable gives us

p(x) = p(z)
∣∣∣∣∣det
∂ f
∂z

∣∣∣∣∣−1

, (6)

so we can derive
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log p(x) = log p(z) − log
∣∣∣∣∣det
∂ f
∂z

∣∣∣∣∣ (7)

= log p(z) − log |1 + h
′

uTw| (8)

= −
|z|2

2
− d log

√
2π − log |1 + h

′

uTw|. (9)

We can drop the terms that do not depend on trainable parameters. Therefore, we have

arg minL = arg max{log p(x)} = arg min
{
|z|2

2
+ log |1 + h

′

uTw|

}
, (10)

2 Conditional Coupling Normalizing Flow

In many practical cases, we wish to generate samples based on certain conditions, such as generating images based on
the object labels. Here we consider an example of conditional normalizing flow with the following relation:

p(x|c) = p(z|c)
∣∣∣∣∣det
∂ f (z)
∂z

∣∣∣∣∣−1

(11)

with x, z ∈ RD.

The function f (·) is given by a coupling layer, i.e.

x0 = z0 (12)
x1 = τ(z0) + z1 ⊙ σ (Az0 + b) , (13)

in which x0, z0 ∈ R
d0 , x1, z1 ∈ R

D−d0 , σ(·) > 0 is a nonlinear activation function, τ : Rd0 → RD−d, A and b are
learnable affine transform parameters, and ⊙ denotes element-wise multiplication (Hadamard product).

Question 1: Proof the following exact likelihood

log p(x|c) = log p(z|c) −
D−d0∑
j=1

log[σ (Az0 + b)] j, (14)

in which [] j denotes the j-th entry of the vector.

We first apply logarithms at Eq. 11 and get

log p(x|c) = log p(z|c) − log
∣∣∣∣∣det
∂ f (z)
∂z

∣∣∣∣∣ . (15)

Then, the Jacobian matrix is given by

∂ f
∂z
=

(
I 0
∂x1
∂z0

diag (σ(Az0 + b))

)
(16)

Thus, we have
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∣∣∣∣∣det
∂ f
∂z

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
D−d0∏
j=1

[σ (Az0 + b)] j

∣∣∣∣∣∣∣∣ =
D−d0∏
j=1

[σ (Az0 + b)] j, (17)

and hence

log p(x|c) = log p(z|c) −
D−d0∑
j=1

log[σ (Az0 + b)] j. (18)
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