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1 Conceptual Question

Write a summary of the key elements of training a diffusion model and highlight the components required to generate
samples from the data distribution. Consider discussing the role of the forward process, the denoising process, the loss
function, the denoising network, and the sampling algorithm.

2 Evidence Lower Bound (ELBO) for diffusion models

In this problem, we prove the Evidence Lower Bound (ELBO) for diffusion models introduced in the lecture. Given the
data xxx0 ∼ q(xxx0), remember that diffusion models are defined via a forward process q(xxxt | xxxt−1) that gradually converts
the data into Gaussian noise in T steps, that is q(xxxT ) ≈ N (xxxT ; 0, I). We aim to find a probability distribution p(xxx0)
that can approximate the data distribution q(xxx0). For diffusion models, p(xxx0) is normally indirectly defined via a prior
distribution p(xxxT ) and a series of denoising distributions pθθθ(xxxt−1 | xxxt) as seen in the lecture.

Question 1: Let xi:T = {xxxi, xxxi+1, . . . , xxxT }. Using Jensen’s inequality, prove that

log p(xxx0) ≥ Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
(1)

Question 2: Apply the chain rule to Equation (1) and show that it can be written as

Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
= Eq(xxx1:T | xxx0)

log
p(xxxT )pθθθ(xxx0 | xxx1)

q(xxx1 | xxx0)
+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)

 . (2)

Question 2: Using Equations (1) and (2) and Bayes’ theorem, show that

log p(xxx0) ≥ Eq(xxx1 |xxx0)
[
log pθθθ(xxx0|xxx1)

]︸                      ︷︷                      ︸
reconstruction term

−DKL(q(xxxT |xxx0)∥p(xxxT ))︸                     ︷︷                     ︸
prior matching term

−

T∑
t=2

Eq(xxxt |xxx0)
[
DKL(q(xxxt−1|xxxt, xxx0)∥pθ(xxxt−1|xxxt))

]︸                                             ︷︷                                             ︸
denoising matching term

. (3)

3 Reverse distribution in diffusion models

In this exercise, we show that the denoising distribution in diffusion models is Gaussian when conditioned on the
clean data. More specifically, Let xxx0 ∼ q(xxx0) be the data, and assume that we define a Gaussian diffusion process
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via q(xxxt | xxxt−1) = N
(
xxxt;
√

1 − βtxxxt−1, βtI
)
. Define αt = 1 − βt and ᾱt =

∏t
i=1 αi. Prove that q(xxxt−1 | xxxt, xxx0) is given by

N
(
µµµq(xxxt, xxx0), σ2

qI
)
, where

µµµq(xxxt, xxx0) =
√
αt(1 − ᾱt−1)xxxt +

√
ᾱt−1(1 − αt)xxx0

1 − ᾱt
(4)

and
σ2

q =
(1 − αt)(1 − ᾱt−1)

1 − ᾱt
. (5)

Hint: Start by writing Bayes’ theorem for q(xxxt−1 | xxxt, xxx0) and ignore the terms that do not depend on xxxt−1.
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