
Machine Perception - Pen & Paper Solutions
Generative Models - Diffusion Models

Instructor: Dr. Manuel Kaufmann
TA: Hsuan-I Ho

1 Conceptual Question

Write a summary of the key elements of training a diffusion model and highlight the components required to generate
samples from the data distribution. Consider discussing the role of the forward process, the denoising process, the loss
function, the denoising network, and the sampling algorithm.

The key elements of diffusion models are as follows:

• Forward (diffusion) process: This process defines a fixed method to gradually add noise to the data until it
becomes indistinguishable from pure noise.

• Backward (denoising) process: This is a denoising distribution that takes noisy data as input and attempts to
remove noise from the input, effectively reversing the forward diffusion process.

• Denoising network: A neural network trained to estimate the denoising distribution. It is generally a single
network used across all timesteps, predicting the denoising distribution based on the noisy input data and the
specific timestep.

• Loss function: The models are typically trained using a weighted ELBO loss function, which simplifies to a
straightforward ℓ2 denoising loss between the noisy input and the predicted output (usually the clean signal or
the total noise added during the forward step).

• Sampling algorithm: After training the model, we can start with pure noise and gradually denoise it using the
denoising network until we reach a sample from the data distribution.

2 Evidence Lower Bound (ELBO) for diffusion models

In this problem, we prove the Evidence Lower Bound (ELBO) for diffusion models introduced in the lecture. Given the
data xxx0 ∼ q(xxx0), remember that diffusion models are defined via a forward process q(xxxt | xxxt−1) that gradually converts
the data into Gaussian noise in T steps, that is q(xxxT ) ≈ N (xxxT ; 0, I). We aim to find a probability distribution p(xxx0)
that can approximate the data distribution q(xxx0). For diffusion models, p(xxx0) is normally indirectly defined via a prior
distribution p(xxxT ) and a series of denoising distributions pθθθ(xxxt−1 | xxxt) as seen in the lecture.

Question 1: Let xi:T = {xxxi, xxxi+1, . . . , xxxT }. Using Jensen’s inequality, prove that

log p(xxx0) ≥ Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
(1)
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First, note that

p(xxx0) =
∫

p(xxx0:T ) dxxx1:T =

∫
p(xxx0:T )

q(xxx1:T | xxx0)
q(xxx1:T | xxx0) dxxx1:T = E

[
p(xxx0:T )

[q(xxx1:T | xxx0)]

]
(2)

Using Jensen’s inequality, we get

log p(xxx0) = logEq(xxx1:T | xxx0)

[
p(xxx0:T )

q(xxx1:T | xxx0)

]
≥ Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
. (3)

Question 2: Apply the chain rule to Equation (1) and show that it can be written as

Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
= Eq(xxx1:T | xxx0)

log
p(xxxT )pθθθ(xxx0 | xxx1)

q(xxx1 | xxx0)
+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)

 . (4)

Based on the chain rule, we can write

q(xxx1:T ) = q(xxx1)q(xxx2 | xxx1)q(xxx3 | xxx2, x1) · · · q(xxxT | xxxT−1, . . . , xxx1). (5)

Because the forward process is Markovian, each conditional at time t only depends on the previous timestep t − 1.
Hence,

q(xxx1:T ) = q(xxx1)q(xxx2 | xxx1)q(xxx3 | xxx2) · · · q(xxxT | xxxT−1) = q(xxx1)
T∏

t=2

q(xxxt | xxxt−1). (6)

The conditional term is thus equal to

q(xxx1:T | xxx0) = q(xxx1 | xxx0)
T∏

t=2

q(xxxt | xxxt−1, xxx0). (7)

Similarly assuming a Markovian structure for the denoising distribution, we can write

pθθθ(xxx0:T ) = p(xxxT )
T∏

t=1

pθθθ(xxxt−1 | xxxt). (8)

This results in

log
p(xxx0:T )

q(xxx1:T | xxx0)
=

p(xxxT )
∏T

t=1 pθθθ(xxxt−1 | xxxt)

q(xxx1 | xxx0)
∏T

t=2 q(xxxt | xxxt−1, xxx0)
(9)

= log

 p(xxxT )pθθθ(xxx0 | xxx1)
q(xxx1 | xxx0)

T∏
t=2

pθθθ(xxxt−1 | xxxt)
q(xxxt | xxxt−1, xxx0)

 (10)

= log
p(xxxT )pθθθ(xxx0 | xxx1)

q(xxx1 | xxx0)
+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)
, (11)

which leads to

Eq(xxx1:T | xxx0)

[
log

p(xxx0:T )
q(xxx1:T | xxx0)

]
= Eq(xxx1:T | xxx0)

log
p(xxxT )pθθθ(xxx0 | xxx1)

q(xxx1 | xxx0)
+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)

 . (12)
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Question 2: Using Equations (1) and (4) and Bayes’ theorem, show that

log p(xxx0) ≥ Eq(xxx1 |xxx0)
[
log pθθθ(xxx0|xxx1)

]︸                      ︷︷                      ︸
reconstruction term

−DKL(q(xxxT |xxx0)∥p(xxxT ))︸                     ︷︷                     ︸
prior matching term

−

T∑
t=2

Eq(xxxt |xxx0)
[
DKL(q(xxxt−1|xxxt, xxx0)∥pθ(xxxt−1|xxxt))

]︸                                             ︷︷                                             ︸
denoising matching term

. (13)

According to the Bayes’ theorem, we have

q(xxxt | xxxt−1, xxx0) =
q(xxxt−1 | xxxt, xxx0)q(xxxt | xxx0)

q(xxxt−1 | xxx0)
. (14)

Thus,

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)
= log

pθθθ(xxxt−1 | xxxt)
q(xxxt−1 | xxxt, xxx0)

+ log q(xxxt−1 | xxx0) − log q(xxxt | xxx0), (15)

and
T∑

t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)
=

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt−1 | xxxt, xxx0)
+ log q(xxx1 | xxx0) − log q(xxxT | xxx0). (16)

since the last two terms in each sum prediodically cancel each other. This results in

log
p(xxx0:T )

q(xxx1:T | xxx0)
= log

p(xxxT )pθθθ(xxx0 | xxx1)
q(xxx1 | xxx0)

+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt | xxxt−1, xxx0)
(17)

= log
p(xxxT )pθθθ(xxx0 | xxx1)

q(xxx1 | xxx0)
+

T∑
t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt−1 | xxxt, xxx0)
+ log q(xxx1 | xxx0) − log q(xxxT | xxx0). (18)

After re-grouping the RHS of Equation (18), we get

log
p(xxx0:T )

q(xxx1:T | xxx0)
= log

p(xxxT )
q(xxxT | xxx0)

+ log pθθθ(xxx0 | xxx1) +
T∑

t=2

log
pθθθ(xxxt−1 | xxxt)

q(xxxt−1 | xxxt, xxx0)
, (19)

which leads us to the ELBO in Equation (13) after taking the expecation and using the definition of the KL divergance.

3 Reverse distribution in diffusion models

In this exercise, we show that the denoising distribution in diffusion models is Gaussian when conditioned on the
clean data. More specifically, Let xxx0 ∼ q(xxx0) be the data, and assume that we define a Gaussian diffusion process
via q(xxxt | xxxt−1) = N

(
xxxt;
√

1 − βtxxxt−1, βtI
)
. Define αt = 1 − βt and ᾱt =

∏t
i=1 αi. Prove that q(xxxt−1 | xxxt, xxx0) is given by

N
(
µµµq(xxxt, xxx0), σ2

qI
)
, where

µµµq(xxxt, xxx0) =
√
αt(1 − ᾱt−1)xxxt +

√
ᾱt−1(1 − αt)xxx0

1 − ᾱt
(20)

and
σ2

q =
(1 − αt)(1 − ᾱt−1)

1 − ᾱt
. (21)

Hint: Start by writing Bayes’ theorem for q(xxxt−1 | xxxt, xxx0) and ignore the terms that do not depend on xxxt−1.

Based on the Bayes’ theorem, we have

q(xxxt−1 | xxxt, xxx0) =
q(xxxt | xxxt−1, xxx0)q(xxxt−1 | xxx0)

q(xxxt | xxx0)
∝ q(xxxt | xxxt−1, xxx0)q(xxxt−1 | xxx0). (22)
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We know that the forward diffusion process is defined via Gaussian distributions. Hence, we can write

q(xxxt−1 | xxx0) = N
(
xxxt−1;

√
ᾱt−1xxx0, (1 − ᾱt−1) I

)
, (23)

and
q(xxxt | xxxt−1, xxx0) = q(xxxt | xxxt−1) = N

(
xxxt;
√

1 − βtxxxt−1, βtI
)
. (24)

Note that multiplying two Gaussian probability functions will results in another Gaussian distribution given by

q(xxxt−1 | xxxt, xxx0) ∝ exp

−
∥∥∥xxxt−1 − µµµq(xxxt, xxx0)

∥∥∥2
2σ2

q

 =
−∥xxxt−1∥

2 +
∥∥∥µµµq(xxxt, xxx0)

∥∥∥2 − 2
〈
xxxt−1, µµµq(xxxt, xxx0)

〉
2σ2

q

 . (25)

The idea is to expand the product and write it as a form similar to the Gaussian probability distribution. Note that

q(xxxt−1 | xxx0) ∝ exp

−
∥∥∥xxxt−1 −

√
ᾱt−1xxx0

∥∥∥2
2 (1 − ᾱt−1)

 and q(xxxt | xxxt−1) ∝ exp

−
∥∥∥xxxt −

√
1 − βtxxxt−1

∥∥∥2
2βt

 . (26)

This gives us

q(xxxt−1 | xxx0)q(xxxt | xxxt−1) ∝ exp

−
∥∥∥xxx2

t−1

∥∥∥ + ᾱt−1
∥∥∥xxx2

0

∥∥∥ − 2
√
ᾱt−1 ⟨xxxt−1, xxx0⟩

2 (1 − ᾱt−1)
−

∥∥∥xxx2
t

∥∥∥ + (1 − βt)
∥∥∥xxx2

t−1

∥∥∥ − 2
√

1 − βt ⟨xxxt−1, xxxt⟩

2βt


(27)

We can now find the statistics of the denoising process by comparing Equations (25) and (27) and solving for µµµq(xxxt, xxx0)
and σq. This leads to

1
σ2

q
=

1
1 − ᾱt−1

+
1 − βt

βt
(28)

=
βt + (1 − βt)(1 − ᾱt−1)
βt (1 − ᾱt−1)

(29)

=
(βt + αt) − αtᾱt−1

βt (1 − ᾱt−1)
(30)

=
1 − ᾱt

βt (1 − ᾱt−1)
. (31)

This proves that

σ2
q =
βt (1 − ᾱt−1)

1 − ᾱt
=

(1 − αt) (1 − ᾱt−1)
1 − ᾱt

. (32)

Similarly for the mean, we have〈
xxxt−1, µµµq(xxxt, xxx0)

〉
σ2

q
=

√
1 − βt ⟨xxxt−1, xxxt⟩

βt
+

√
ᾱt−1 ⟨xxxt−1, xxx0⟩

1 − ᾱt−1
, (33)

which leads to

µµµq(xxxt, xxx0) = σ2
q

√
1 − βtxxxt

βt
+ σ2

q

√
ᾱt−1xxx0

1 − ᾱt−1
(34)

=
(1 − ᾱt−1)

√
1 − βtxxxt

1 − ᾱt
+
βt
√
ᾱt−1xxx0

1 − ᾱt
(35)

=
(1 − ᾱt−1)

√
αtxxxt + (1 − αt)

√
ᾱt−1xxx0

1 − ᾱt
. (36)
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