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General Remarks

• Fill in your first and last name and your ETH number and sign the exam. Place your student
ID in front of you.

• You have 3 hours for the exam. There are 12 sections, where you can earn a total of 118
points. You don’t have to score all points to obtain a very good grade.

• Under every question, there is a blank space left for your answer. If it is not enough, you
can use the blank pages at the back of the exam booklet. If you use the blank pages, put
your name and ETH number at the top of each sheet.

• Please do not use a pencil or red color pen to write your answers.

• You may provide at most one valid answer per question. Invalid solutions must be canceled
out clearly.

Topic Max. Points Points Achieved Visum

1 True or False 7
2 Neural Network Basics 8
3 Training 8
4 Convolutional Neural Networks 12
5 Recurrent Neural Networks 11
6 Autoregressive Models 13
7 Variational Autoencoders 8
8 Normalizing Flow 11
9 Generative Adversarial Networks 12
10 Diffusion Models 7
11 Advanced 3D Representations 13
12 Parametric Human Body Models 8

Total 118
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Warning: The mock exam is mainly for students to practice with more questions. Its point
distribution and the hours estimates do not reflect that of the true final exam.
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Question 1: True or False (7 points)

This block contains multiple-choice and true/false questions. Each correct or incorrect
answer will get +0.5 and -0.5 points, respectively. No points are awarded or deducted if no
answer is given. The overall score for the entire Question 1 cannot be negative. Tick the
box (□✓) in the left or right column depending on whether it is correct or not. Make sure
all your answers are legible. 7 pts.

Question True False

Minimizing the negative loglikelihood of the empirical data distribution
given by m training samples also minimizes the KL divergence between
the empirical data distribution and the model distribution.

□ □

Fully convolutional neural networks can afford to generate high resolution
image outputs.

□ □

Eye gaze estimation can be regarded as a regression problem. □ □

When ignoring feet and hands, the configuration of the human body
actually has similar degrees of freedom to the human hand.

□ □

The only way to estimate 3D hand joint positions is to detect 2D hand
keypoints first, then “lifting” the keypoints into 3D space.

□ □

Autoencoders can be used to initialize weights. □ □

Using dropout prevents exploding gradients. □ □

The exploding gradient problem no longer occurs in RNNs with LSTM
cells.

□ □

A softmax layer contains trainable parameters. □ □

Stochastic gradient descent results in a smoother convergence plot (loss
vs epochs) as compared to batch gradient descent.

□ □

A variational autoencoder model is able to calculate the sample probability
p(x(i)) for a given data sample x(i).

□ □

Convolutions layer slide the image filter and compute cross products. □ □

Diffusion models normally use different neural networks for each time step
to estimate the denoising functions.

□ □

The smaller the diffusion steps are, the easier it is to learn the denoising
(backward) steps.

□ □
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ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

True False

Minimizing the negative loglikelihood of the empirical data distribution
given by m training samples also minimizes the KL divergence between
the empirical data distribution and the model distribution.

□✓ □

Fully convolutional neural networks can afford to generate high resolution
image outputs.

□✓ □

Eye gaze estimation can be regarded as a regression problem. □✓ □

When ignoring feet and hands, the configuration of the human body
actually has similar degrees of freedom to the human hand.

□✓ □

The only way to estimate 3D hand joint positions is to detect 2D hand
keypoints first, then “lifting” the keypoints into 3D space.

□ □✓

Autoencoders can be used to initialize weights. □✓ □

Using dropout prevents exploding gradients. □ □✓

The exploding gradient problem no longer occurs in RNNs with LSTM
cells.

□ □✓

A softmax layer contains trainable parameters. □ □✓

Stochastic gradient descent results in a smoother convergence plot (loss
vs epochs) as compared to batch gradient descent.

□ □✓

A variational autoencoder model is able to calculate the sample probability
p(x(i)) for a given data sample x(i).

□ □✓

Convolutions layer slide the image filter and compute cross products. □ □✓

Diffusion models normally use different neural networks for each time step
to estimate the denoising functions.

□ □✓

The smaller the diffusion steps are, the easier it is to learn the denoising
(backward) steps.

□✓ □

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 2: Neural Network Basics (8 points)

a) The CIFAR-10 dataset consists of RGB images of size 32x32, which are each labeled as
belonging to 1 of 10 classes.

i) Define a basic linear classifier and specify the dimensions of the involved variables.
2 pts.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

f(x;W, b) = Wx+ b where dimensions are:

W : 10× 3072
x: 3072× 1
b: 10× 1

f(x): 10× 1

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Name a function which can be used to convert the classifier scores into probabilities
and write the properties of its outputs. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

The softmax function. Output probabilities sum to 1 over all K classes considered.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

b) State in words the universal approximation theorem. 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

A feed-forward neural network with a single hidden layer and continuous non-linear
activation function can approximate any continuous function with arbitrary precision.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

c) Consider a neural network with two standard fully-connected layers (w/ bias). It takes
a vector x ∈ Rn as input. The first layer maps it to an intermediate vector z ∈ Rm.
The second layer outputs a vector y ∈ Rk. Both layers use sigmoid as their activation
function.

Compute and justify the number of learnable parameters in this neural network. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Each fully-connected layer that maps vectors of size m to vectors of size n has a weight
matrix W ∈ Rm×n and a bias vector b ∈ Rn as learnable parameters.

So, the first layer has n ·m+m learnable parameters.

The second layer has m · k + k learnable parameters.

In total, the network will have (n+ 1) ·m+ (m+ 1) · k learnable parameters.
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ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

d) What problem does dropout try to alleviate, and how? Name or describe at least two
other methods that can help achieve the same purpose. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Dropout is a regularization technique primarily used in neural networks to prevent over-
fitting. Overfitting occurs when a model learns to memorize the training data rather
than generalize well to unseen data. Dropout addresses this by randomly deactivating
(setting to zero) a fraction of neurons in a layer during each training iteration. 1 pts.

Other methods which can do this are:

• weight regularization

• data augmentation

• batch normalization

• layer normalization

• early stopping

• reducing network/model capacity (layer width/count)

0.5 pts. each

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 3: Training (8 points)

a) Briefly describe what regularization is. 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Any technique which aims to improve the generalization error.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) What are the advantages and disadvantages of using synthetic data (e.g rendered im-
ages) for training? 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Advantage: Theoretically infinite samples. Disadvantage: Discrepancy between real and
synthetic data distribution

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

c) Write down the loss of a model as a function of its weights, consisting of cost function
C with L1 regularization and derive its gradient. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

L(W ) = C(W ) + λ|W |
dL(W )

dW
=

dC(W )

dW
+ λ(−1)1[W<0]

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

d) i) Describe underfitting and overfitting in your own words. 1 pt.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Underfitting is a failure of the model to grasp the relationships between the input
data and the values it needs to predict.
Overfitting arises when the model fits the noise in the training data rather than
its structure.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) What are the key differences in performance between overfitted and underfitted
models? 1 pt.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

An overfitted model performs well on the training set, but poorly on the validation
set. An underfitted model performs poorly on both training and test sets.
(Alternative) An overfitted model has low bias and high variance. An underfitted
model has high bias and low variance.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iii) For each of the two problems, give at least three ideas on how they can be solved.
1 pt.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Overfitting:
• Dropout

• Early stopping

• Regularization

• Add more training data

• Data augmentation

Underfitting:
• Increase model complexity/size

• Increase training time

• Decrease learning rate (or adjust
other hyperparameters)

7



ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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Question 4: Convolutional Neural Networks (12 points)

Convolutional neural networks are ubiquitous for building cutting-edge models for computer
vision. It is important to understand how they operate.

a) Given an RGB image with size w × h× 3, if we apply a convolution layer whose kernel
size is k × k. Calculate the number of connections each neuron in this layer has to the
input image. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution: 3k2

Grading: 2 marks in total. 1 mark if answered k2.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) Given an RGB image with size 226×226×3, we apply a convolutional layer that consists
of 96 filters of size 11× 11 with a stride of 4 and no padding to the RGB image above.
What’s the output feature map dimension? 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution: 54× 54× 96
Grading: 2 marks in total. 1 marks if answered 54 × 54 × ∗; 1 mark if answered
∗ × ∗ × 96.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

c) How many learnable parameters does the layer above have? 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution: (11× 11× 3 + 1)× 96
Grading: 2 marks in total. 1 mark for 11× 11× 3× 96; 1 mark for the bias term.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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d) We apply a 2 × 2 max pooling layer with stride 2 and no padding to a feature map
of 16 × 16 × 32 (width, height, channel). What’s the output feature map dimension?

2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution: 8× 8× 32.
Grading: 2 marks in total. 1 mark if answered 8×8×∗; 1 mark if answered ∗×∗×32.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

e) How many learnable parameters does the layer above have? 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution: Zero. Grading: 1 mark in total. No partial mark.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

f) Name two common use cases of residual connection in CNNs. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

1 mark for each use case. Possible solutions: 1. prevent vanishing gradients or allowing
gradient to pass through deep networks; 2. propagate high frequency information (e.g.,
in UNet). Note the question is not asking for the common networks in which residual
connection is applied.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

g) What is the main purpose of random cropping and resizing an input image before feeding
it into a network during training? 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Prevent overfitting or get ”more” training images (1 mark if answered one of the two).
The question is asking why we apply these data augmentation techniques during train-
ing. Therefore, answers about image preprocessing such as getting the right image size
are not accepted.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 5: Recurrent Neural Networks (11 points)

a) Recurrent neural networks suffer from the ”vanishing or exploding gradients” problem.
Answer the following questions about this problem.

i) Why are vanishing or exploding gradients a problem? Give two reasons. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

0.5 points for each:
• Instabilities during training leading to Inf/NaN values.

• Difficulties to capture long-term dependencies because when no gradients
arrive at lower levels, there is nothing we can learn.

• With large gradients we’re at risk of oscillation or jumping over local minima.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Name a strategy to address vanishing gradients. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

• Architectural innovations such as LSTMs and GRUs use gating mechanisms
to regulate gradient flow, preserving long-term information

• Gradient clipping caps gradient magnitudes during training to prevent explo-
sions

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

b) Consider the sketch of a recurrent cell r shown in Figure 1.

1-
x

1-

+

x

x

Element-wise operations

Element-wise subtraction from 1

tanh activation function

sigmoid activation function

Concatenation

Copy

Layer with trainable parameters

Figure 1: A recurrent cell r.
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i) For the recurrent cell r in Figure 1 write down the update rules for the hidden/cell
state and outputs at time step t. For arbitrary vectors a and b, you can use
a ⊙ b, [a, b] and ab to denote element-wise multiplication, concatenation, and
scalar product, respectively. We ignore biases. The order of concatenation can be
arbitrary in this exercise. 2.5 pts.

f t =

c̃t =

ct =

ot =

ht =

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

0.5 point per correct equation.

f t = σ(W f [ht−1,xt])

c̃t = tanh(W c[ht−1,xt])

ct = f t ⊙ ct−1 + c̃t ⊙ (1− f t)

ot = σ(W o[ht−1,xt, ct])

ht = ot ⊙ tanh(ct)

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Compute the gradient ∂c̃t/∂w
c
ij where wc

ij ∈ R is the (i, j)-th cell parameter of
the weight matrix W c. For brevity you can refer to wc

ij as w. 2.5 pts.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Let vt := [ht−1,xt] ∈ RN and c̃ ∈ RK .

∂c̃t
∂wc

ij

=
∂ tanh(W cvt)

∂wc
ij

=
∂ tanh(W cvt)

∂W cvt

· ∂W cvt

∂wc
ij

(1pt.)

= diag(1− tanh2(W cvt)) ·
∂W cvt

∂wc
ij

(1pt.)

= diag(1− tanh2(W cvt)) · veci(v(t)j ) (0.5pt.)

Here veci(v
(t)
j ) refers to a vector that is full of zeros except for the i-th entry whose

value is equal to the j-th entry of vt, i.e. veci(v
(t)
j ) = [0, 0, . . . , v

(t)
j , . . . , 0, 0] ∈

RK .
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Note that the final result can also be written as:

(1− tanh2(at))⊙ veci(v
(t)
j )

where at = W cvt. Furthermore, because of the sparsity of the second factor veci
we can write this as:

veci
(
(1− tanh2(a

(t)
i )) · v(t)j

)
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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iii) Compute the gradient ∂+ct/∂w
c
ij where ∂+ refers to the immediate derivative as

introduced in the lecture. For brevity you can refer to wc
ij as w. You do not have

to further expand partial derivatives that you encountered in the previous subtask.
4 pts.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

The final result might look obvious, but it is not obvious to arrive there. If no
intermediate steps are given, a maximum of 1 pt. can be obtained.
The immediate derivative means that we only care about the direct effect that wc

ij

has on ct and we forget about the effects that appear due to the recursive nature
of ct. Thus, the factor f t ⊙ ct is assumed constant and vanishes in the gradient
computation (1 pt.). It remains to determine (omitting time index t for brevity):

∂c̃⊙ (1− f)

∂w
=

∂c̃

∂w
− ∂c̃⊙ f

∂w

The first partial derivative is known from the previous subtask. To determine the
second partial derivative we look at it element-wise.[

∂c̃⊙ f

∂w

]
k

=
∂c̃k · fk
∂w

=
∂ tanh(ak) · fk

∂w

ak is the k-th element of a = Wcv where v is defined as in the previous subtask.

ak is an inner product that we can write as ak =
N∑

n=1

wkn · vn. Hence

∂ tanh(ak) · fk
∂w

=
∂ tanh(ak)

∂ak
·
∂

N∑
n=1

wkn · vn

∂wij

· fk (2pts.)

Here, the second partial derivative will always be zero if k ̸= i. If k == i then
the derivative is simply vj. Hence we end up with

∂c̃⊙ f

∂wij

= veci
(
(1− tanh2(ai)) · vj · fi

)
(1pt.)

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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Question 6: Autoregressive Models (13 points)

a) Fig. 2 shows a variational RNN in graphical model notation. We train this model on a
sequence x = {x1 . . . xT} where xt corresponds to an observation at time-step t. The
joint distribution pθ(x, z) of this model factorizes as follows:

pθ(x1 · · ·xT , z1 · · · zT ) =
T∏
t=1

pθ(xt|z≤t, x<t)pθ(zt|z<t, x<t) (1)

The condition on x<t and z<t denote an implicit dependency on the past steps of x
and z due to the recurrent hidden state ht. The conditioned variable z≤t additionally
defines an explicit dependency on zt.

Figure 2: (Left) Inference (i.e., encoder, recognition) and (right) generative (i.e., de-
coder) models of variational RNN in graphical model notation. Circles denote random
variables and ht is the RNN hidden state at time-step t.

i) What is the difference between the prior of this model and the vanilla VAE prior?
1 pt.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Data-driven prior. The prior is parameterized by a function of the hidden state
ht−1. Whereas the VAE prior is a fixed Normal distribution.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) What is the factorization of the approximate posterior model qϕ(z|x)? 1 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

qϕ(z1 · · · zT , x1 · · ·xT ) =
T∏
t=1

qϕ(zt|x≤t, z<t)

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iii) What is the stepwise ELBO training objective of this model? Choose the correct
answer. No points deducted for wrong answers. 2 pts.
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T∑
t=1

Eqϕ(zt|x≤t,z<t) log pθ(xt|z≤t, x<t) □

T∑
t=1

Eqϕ(zt|x≤t,z<t) log pθ(xt|z≤t, x<t)−DKL(qϕ(zt|x≤t, z<t)||pθ(zt|z<t, x<t)) □

T∑
t=1

Eqϕ(zt|x<t,z<t) log pθ(xt|z≤t, x<t)−DKL(qϕ(zt|x<t, z<t)||pθ(zt|z<t, x<t)) □

T∑
t=1

Eqϕ(zt|x<t,z<t) log pθ(xt|z≤t, x<t)−DKL(pθ(zt|z<t, x<t)||qϕ(zt|x<t, z<t)) □

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

The second one.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iv) Which of the following arguments are correct considering the VRNN architecture
(2) in this question. Points are deducted for wrong answers, no points are awarded
or deducted if no answer is given. 2 pts.

Argument True False

The selection of the underlying RNN cell (i.e., LSTM or
GRU) determines the factorization in Eq.1.

□ □

As it is an autoregressive model, the random variables xt

should be scalars (i.e., xt ∈ R).
□ □

The latent random variable zt can be a non-Gaussian distri-
bution.

□ □

When the KL-divergence term in the objective is zero, we
achieve the perfect model.

□ □

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

False, False, True, False.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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b) For a simple autoencoder network in Fig. 3, connections are partially given.

Figure 3: A simple autoencoder with missing weights.

i) Draw the remaining weights such that the outputs follow the conditionals p(xi|x<i).
Your solution must include the maximum number of connections. 2 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Figure 4: Solution for 6.b.i

0.5 points for each of the conditionals p(x3|x1, x2), p(x2|x1) and p(x1) and the
maximum number of possible connections.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) What is the name of this architecture? Give an example of a potential use case.
2 pts.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

(1) Masked autoencoder (MADE)
(1) Autoregressive distribution estimation or image modeling or ...
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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iii) What would be the issue if the output conditionals are p(xi|x≤i) instead of
p(xi|x<i)? 1 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

This formulation invalidates the autoregressive property, preventing the use of
this architecture as an autoregressive generative model. Consequently, the model
functions only as an autoencoder with limited access to the input data.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Figure 5: A skeleton of a MADE network.

c) Suppose a MADE is designed for data sequences of length 3, and has a single hidden
layer with 6 neurons (see Figure5). How many connections can it have at most? 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

x1 as an input and x3 as an output always has 6 connections. Vice versa, x3 as an
input and x1 as and output cannot have any connections. Any neuron connect to x2
as an input cannot be connected to x2 as an output. As a result, there are at most 18
connections.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 7: Variational Autoencoders (8 points)

a) Variational autoencoders optimize a lower-bound of the data likelihood for a given input
sample x(i) such that

L(θ, ϕ;x(i)) = Eqϕ(z|x(i))[log pθ(x
(i)|z)]−DKL(qϕ(z|x(i))||pθ(z))

i) Briefly explain the task of the KL-divergence term. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

KL-divergence loss encourages the encoder to project latent representations evenly
around the center of the latent space.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Write down the advantage of modeling pθ(z) and qϕ(z|x(i)) by using Normal
distribution with a diagonal covariance matrix. 2 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

It enables the drawing of latent samples easily from the prior.
KL divergence between the approximate posterior and the prior can be calculated
analytically.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iii) Briefly explain the task of the first term and its effect on the latent space. 2 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

pθ(x
(i)|z) corresponds to the decoder and reconstructs a given data sample x(i)

by using its latent representation z.
It encourages the encoder to form clusters where samples from the same category
or with similar properties are closely located in the latent space.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

b) i) What is the main difference between a traditional VAE and a β-VAE? Illustrate
this difference by comparing the ELBO of both approaches. What is the goal of
β-VAEs? 2 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

β-VAEs are introducing a parameter β that constrains more the latent space and
thus encourages the model to learn a more efficient and disentangled representa-
tion. 1 pt.
The β-VAE ELBO adds a β factor to the KL divergence term:

LVAE = E(log(pθ(x|z)))−DKL(qϕ(z|x)||pθ(z))
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vs
Lβ−VAE = E(log(pθ(x|z)))− βDKL(qϕ(z|x)||pθ(z))

1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Figure 6: Latent space traversal of a VAE and a β-VAE.

ii) Consider the two latent space traversals shown in Figure 6. Both are manipulating
the azimuthal rotation of a face. Which one came from a VAE and which one
from a β-VAE? Justify your answer. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Left: β-VAE
Right: VAE
The β-VAE is better at continuously interpolating between the two extremes. For
example, VAEs are struggling to represent a face in front-view, and are instead
always showing it either rotated to the left or to the right.
Grading: 1 point for the correct answer and 1 point for the justification.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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Question 8: Normalizing Flow (11 points)

a) Let us consider a D-dimensional uniform random variable z ∼ pz(z) = Unif(0, 1). We
will now attempt to map samples from this simple distribution to a more complex one
through additive coupling layers.

An additive coupling layer is a function f : z → x such that(
x1:d

xd+1:D

)
= f(z) =

(
z1:d

zd+1:D +Θ(z1:d)

)
,

in which 1:d denotes the first to d-th elements, and Θ(·) is an arbitrary function.

i) Let us start by considering linear additive coupling layers (i.e. Θ(x) = Ax is a linear
function). Derive the formula for the inverse mapping f−1 and compute its Jacobian

matrix ∂f−1(x)
∂x

. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

(
z1:d

zd+1:D

)
= f−1(x) =

(
x1:d

xd+1:D − Ax1:d

)
∂f−1(x)

∂x
=

(
∂z1:d
∂x1:d

∂z1:d
∂xd+1:D

∂zd+1:D

∂x1:d

∂zd+1:D

∂xd+1:D

)
=

(
Id 0
−A ID−d

)
ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

ii) Let us still consider linear additive couplings. Leverage the change of variable formula
to prove that the random variable x = f(z) is distributed according to a uniform
distribution over C, where C is defined as the co-domain of f (i.e. C = {x s.t. x =
f(z) ∧ z ∈ [0, 1]D}). 3 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Let us consider an arbitrary sample x̃ ∈ C. Since
∣∣∣det(∂f−1(x̃)

∂x

)∣∣∣ = 1, we have that

px(x̃) = pz(f
−1(x̃)) ·

∣∣∣∣det(∂f−1(x̃)

∂x

)∣∣∣∣ = q(f−1(x̃)) = 1,

where we used the fact that z̃ = f−1(x̃) ∈ [0, 1]D and therefore q(z̃) = 1.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

iii) Let us now allow Θ to be arbitrarily complex. Is x = f(z) still distributed uniformly
over the co-domain of f? 1 pts.
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ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Yes, only the bottom left part of the Jacobian changes, but its determinant does not change.
As a result, the derivation for the previous point still holds.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

iv) Finally, let us now stack two additive couplings without any shuffling operator in
between. More precisely, let us consider a second additive coupling g : x → y. 2 pts.(

y1:d
yd+1:D

)
= g(x) =

(
x1:d

xd+1:D + Φ(x1:d)

)
,

where Φ is an arbitrary function. Let us consider the co-domain C ′ for the composition
of functions g ◦ f (i.e. C ′ = {y s.t. y = g(f(z)) ∧ z ∈ [0, 1]D} = {y s.t. y =
g(x) ∧ x ∈ C}. Is y = g(x) distributed according to a uniform distribution over C ′?

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Let us consider an arbitrary ỹ ∈ C ′:

py(ỹ) = px(g
−1(ỹ)) ·

∣∣∣∣det(∂g−1(ỹ)

∂y

)∣∣∣∣ = px(g
−1(ỹ)) = 1,

where we used the fact that the determinant of the Jacobian is still one, and that g−1(ỹ) ∈
C. Stacking additive coupling layers is not enough to obtain non-uniform distributions.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) Consider the three probability distributions pz, p1, p2. Suppose that we can draw samples
z ∼ pz and apply a volume-preserving transformation f : R → R to obtain transformed
samples x = f(z) ∼ px.

One of the two distributions p1, p2 is a feasible instance for px. Which one is it? State
a possible transformation function, and explain why the other distribution cannot be
obtained through a volume-preserving transformation.

3 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

p2 can be obtained from pz through a simple volume-preserving translation (i.e. f(z) = z+k,
where k = 4 in this case). On the other hand, p1 cannot possibly match px. For instance,
we can show this by proving that max px ̸= max p1. Using the change of variable formula,
we have that
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max px = max
x

px(x) = max
x

pz(f
−1(x)) ·

∣∣∣∣det(∂f−1(x)

∂x

)∣∣∣∣ = max
x

pz(f
−1(x)) ≤ max pz,

where we used that f is volume preserving, and as a result
∣∣∣det(∂f−1(x)

∂x

)∣∣∣ = 1.

The plots show that max pz < max p1, and therefore we can conclude that px ̸= p1.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 9: Generative Adversarial Networks (12 points)

a) State the objective function of GANs we discussed in the lecture. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

min
G

max
D

V (D,G) = Ex∼pd [logD(x)] + Ez∼pz [log(1−D(G(z))] (2)

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) Given the optimal discriminator D∗ for a fixed G. What is the relationship between pG
and pdata at optimum of V (D∗, G)? What is the optimal value of V ? 1 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

pG = pdata and V ∗ = − log 4 .

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

c) Early in training, the discriminator outperforms the generator. Explain the problem with
this objective function, why it happens and what it can cause. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

It causes vanishing gradients of the generator. When the discriminator wins the gener-
ator, D (G(z)) is close to zero and the function f(y) = log(1− y) has small gradients
near y = 0, hence the gradients of the generator is small.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

d) Describe two examples in image translation and 3D generation respectively. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Image translation: pix2pix, CycleGAN, BicycleGAN, Vid2vid
3D GAN: PlatonicGAN, HoloGAN, EG3D

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

e) In the lecture, we discussed using Binary Cross Entropy (BCE) as the objective of GANs.
In this exercise, we will see that we can modify the objective function in training to obtain
certain optimization properties. Given a discriminator D and a generator G, assume we
optimize their respective parameters using the following new objective function:

min
G

max
D

V (G,D) = min
G

max
D

Ex∼pd [D(x)] + Ez∼pz

[
−e(D(G(z))−1)

]
= min

G
max
D

Ex∼pd [D(x)] + Ex∼pg

[
−e(D(x)−1)

]
With pd being the distribution of real data, pz being the distribution of the Gaussian
noise, and pg being the distribution of generated samples.
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i) Show that the optimal discriminator D∗ for a fixed G is 2 pts.

D∗(x) = ln(
pd(x)

pg(x)
) + 1

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

Law of the Unconscious Statistician:

V (G,D) =

∫
pd(x)D(x)dx+

∫
pz(z)− e(D(G(z))−1)dz

=

∫
pd(x)D(x)− pg(x)e

(D(x)−1)dx

Let’s define the function within the integral as f(y) = ay − be(y−1). Here y
corresponds to D, a, b represents pd and pg respectively. Find the maximum of
the function f :

∂f(y)

∂y
= a− be(y−1) !

= 0 (0.5)

=⇒ y∗ = ln(
a

b
) + 1

and
∂2f(y)

∂2y
= −be(y−1) < 0 =⇒ maximum (0.5)

Therefore, D(x)∗ = ln(a
b
) + 1 maximizes pd(x)D(x)− pg(x)e

(D(x)−1) and hence
maximizes V (G,D) for a fixed G. (1)
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Given the optimal discriminatorD∗ in the previous question. Show that minimizing
V (G,D∗) is equivalent to minimizing the KL divergence of pd and pg. (Hint:

DivKL(p1∥p2) =
∫
(p1(x) ln(

p1(x)
p2(x)

)dx). 2 pts.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

We can represent the modified VG(G,D) as:

V (G,D∗) =

∫
pd(x)D

∗(x)− pg(x)e
(D∗(x)−1)dx

From question (i), we know that, D(x)∗ = ln(pd(x)
pg(x)

) + 1. Therefore, we can

substitute D∗(x) in V (G,D∗):

V (G,D∗) =

∫
pd(x) ln(

pd(x)

pg(x)
) + pd(x)− pg(x)(

pd(x)

pg(x)
)dx (1)

=

∫
pd(x) ln(

pd(x)

pg(x)
)dx.
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By comparing it with the KL divergence from the hint, we have:

V (G,D∗) =

∫
pd(x) ln(

pd(x)

pg(x)
)dx = DivKL(pd∥pg).

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iii) At optimum of V (G,D∗), what is the relationship between pg and pd? What is
the optimal value of V ? 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

pg = pdata (0.5) and V ∗ = 0 (0.5).
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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Question 10: Diffusion Models (7 points)

Let x0 ∼ q(x0) be the data, and assume we define a Gaussian diffusion process via

xt =
√
1− βtxt−1 +

√
βtϵϵϵ where ϵϵϵ ∼ N (0, III) . (3)

This implies that the transition kernel in the diffusion process q(xt | xt−1) is given by a
Gaussian distribution, i.e.,

q(xt | xt−1) = N
(
xt;
√
1− βtxt−1, βtIII

)
. (4)

Equivalently, the diffusion process can be expressed in terms of x0 via

xt =
√
ᾱtx0 +

√
1− ᾱtϵϵϵ, (5)

where αt = 1− βt and ᾱt =
∏t

i=1 αi.

a) Represent xt using xt−2, ϵϵϵ{t,t−1} and α{t,t−1} 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Given that

xt =
√
1− βtxt−1 +

√
βtϵϵϵt (6)

xt−1 =
√

1− βt−1xt−2 +
√
βt−1ϵϵϵt−1 (7)

We have

xt =
√

1− βt(
√

1− βt−1xt−2 +
√
βt−1ϵϵϵt−1) +

√
βtϵϵϵt

=
√

(1− βt)(1− βt−1)xt−2 +
√
(1− βt)βt−1ϵϵϵt−1 +

√
βtϵϵϵt

=
√
αtαt−1xt−2 +

√
αt(1− αt−1)ϵϵϵt−1 +

√
1− αtϵϵϵt

(8)

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) Recall that ϵϵϵt and ϵϵϵt−1 are independent normal distributions, merge the two noise dis-
tributions in a) into one and rewrite xt using ϵϵϵ ∼ N (0, III). 1 pt.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Background knowledge: the sum of two independent normally distributed random vari-
ables is also normally distributed, with its mean being the sum of the two means, and its
variance being the sum of the two variances (i.e., the square of the standard deviation
is the sum of the squares of the standard deviations).

xt =
√
αtαt−1xt−2 +

√
αt(1− αt−1)ϵϵϵt−1 +

√
1− αtϵϵϵt

=
√
αtαt−1xt−2 +

√
αt(1− αt−1) + 1− αtϵϵϵ

=
√
αtαt−1xt−2 +

√
1− αtαt−1ϵϵϵ

(9)

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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c) Show that if the data distribution is Gaussian with unit variance, i.e., q(x0) ∼ N (µµµdata, III),
q(xt) is also Gaussian. 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Based on the re-parameterization trick, the data can be written as

x0 = µµµdata + ϵϵϵ′ where ϵϵϵ′ ∼ N (0, III) . (10)

This gives us

xt =
√
ᾱtx0 +

√
1− ᾱtϵϵϵ (11)

=
√
ᾱtµµµdata +

√
ᾱtϵϵϵ

′ +
√
1− ᾱtϵϵϵ. (12)

Because ϵϵϵ and ϵϵϵ′ are independent, we have
√
ᾱtϵϵϵ

′ +
√
1− ᾱtϵϵϵ ∼ N

(
0,
(
(
√
ᾱt)

2 + (
√
1− ᾱt)

2
)
III
)

(13)

∼ N (0, III) . (14)

Hence, the distribution of xt is equal to

q(xt) = N
(
xt;

√
ᾱtµµµdata, III

)
. (15)

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

d) Give a counter example on why q(xt) is not Gaussian for arbitrary data distributions.
1 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

If the data distribution is a Gaussian mixture model, then we can show that the marginal
distribution q(xt) is also a Gaussian mixture by following a similar proof as in (a). Hence,
for this case, q(xt) will no longer be a Gaussian distribution.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

e) Based on above, explain why q(xt−1 | xt) is not Gaussian in general. 1 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Based on Bayes’ theorem, we have

q(xt−1 | xt) =
q(xt | xt−1)q(xt−1)

q(xt)
∝ q(xt | xt−1)q(xt−1) (16)

We know that q(xt | xt−1) is always Gaussian but q(xt−1) is not Gaussian in general. Hence,
the denoising model q(xt−1 | xt) is not Gaussian for arbitrary data distributions.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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f) Describe what classifier-free guidance does and how it is normally done in diffusion
models. 1 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Classifier-free guidance is a method for trading diversity with quality to get more realistic
outputs from a trained diffusion model. It is performed at inference by mixing the
predictions of an unconditional model with a conditional model via

ϵϵϵ∗θθθ(xxx, c; t) = (1 + ρ)ϵϵϵθθθ(xxx, c; t)︸ ︷︷ ︸
conditional

− ρϵϵϵθθθ(xxx; t)︸ ︷︷ ︸
unconditinoal

(17)

Increasing the guidance scale ρ improves image quality but reduces diversity.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 11: Advanced 3D Representations (13 points)

a) Given the level set functions g and f with the following relationship:

g(v) = f(RTv)

where R is an invertible matrix, and v is a vector, what is the relationship of the surfaces
defined by g and f? 2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

g is f transformed by the transformation matrix R.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

b) What are at least four advantages of an implicit surface compared to an explicit mesh?
2 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

• Implicit surfaces can be easily combined or even blended using addition, subtraction,
multiplication or max.

• Normal vectors are defined both continuously and correctly as opposed to with
meshes, where only one of two is possible.

• Implicit surfaces can be very easily derived from point clouds

• They can be used to exactly form many geometric shape such as spheres and
toruses, with infinite precision

• For machine learning, they allow for learning even topological changes.

• Implicit surfaces usually require less storage than explicit meshes.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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c) What are at least two disadvantages of an implicit surface compared to an explicit
mesh? 3 pts.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

• Computing Intersections can be significantly more expensive. We cannot do ras-
terization, and in many cases ray implicit surface intersection is non-analytical and
requires root finding algorithms.

• In many cases we cannot guarantee exact intersections. When applying root finding
algorithms, we cannot guarantee never missing very thin ”pockets” of positive or
negative regions, making overlooking smaller features possible.

• It is difficult to define a UV space as the topology is not necessarily well defined.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

d) Given are the following 5 NeRF sample points along the ray, and corresponding RGB
and opacity(alpha) values. Assume the distance between each point has already been
factored into the alpha values.

1 2 3 4 5

1. RGB: (80, 0, 50), Alpha: 0.4

2. RGB: (0, 90, 80), Alpha: 0.5

3. RGB: (50, 0, 70), Alpha: 0.333

4. RGB: (80, 0, 70), Alpha: 0.0

5. RGB: (30, 80, 0), Alpha: 0.5

i) What is the resulting RGB value after considering all sample points? Assume a
black background, and round to the nearest integer. 3 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

RGB: (40, 35, 51)
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER
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e) Calculate the rendered color value c using 3D Gaussian Splatting at the pixel with
coordinates [0, 0] given the depth of each Gaussian zi, the projected 2D means µ′

i,
inverse covariances (Σ′

i)
−1, the opacity oi and the view-dependent radiance ci. Assume

the background to be black, and exp(−0.5) ≈ 0.6. 3 pts.

1. z1 = 2, µ′
1 =

[
0
−2

]
, (Σ′

1)
−1 =

[
2 0
0 0.25

]
, o1 =

5
6
, c1 = 10.

2. z2 = 1, µ′
2 =

[
−1
−1

]
, (Σ′

2)
−1 =

[
1 −0.5

−0.5 1

]
, o2 = 1, c2 = 10.

3. z3 = 3, µ′
3 =

[
−1
1

]
, (Σ′

3)
−1 =

[
1 0.5
0.5 1

]
, o3 = 1, c3 = 100.

4. z4 = 2.5, µ′
4 =

[
1
1

]
, (Σ′

4)
−1 =

[
1 −0.5

−0.5 1

]
, o4 =

5
6
, c4 = 0.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

First, let’s write down the formula for the opacity of each Gaussian, which simplifies to:

αi = oi exp(−0.5µT
i (Σ

′
i)
−1µi), (18)

given that the rendered point has coordinates [0, 0].

The argument of the exponent for every Gaussian is set to be −0.5, so

α1 = 5/6 · exp(−0.5) ≈ 0.5,

α2 = 1 · exp(−0.5) ≈ 0.6,

α3 = 1 · exp(−0.5) ≈ 0.6,

α4 = 5/6 · exp(−0.5) ≈ 0.5.

Then we order Gaussians by their z-value, correct rasterization order is thus: 2, 1, 4, 3.

Let’s calculate the transmittance for each Gaussian:

T2 = 1

T1 = (1− α2) = 0.4

T4 = (1− α2)(1− α1) = 0.2

T3 = (1− α2)(1− α1)(1− α4) = 0.4 · 0.5 · 0.5 = 0.1.

The resulting color is:

c =T2α2c2 + T1α1c1 + T4α4c4 + T3α3c3

=1 · 0.6 · 10 + 0.4 · 0.5 · 10 + 0.2 · 0.5 · 0 + 0.1 · 0.6 · 100
=6 + 2 + 0 + 6 = 14.

1 point for correctly calculating Gaussian opacities αi.
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1 point for providing a correct order in which the Gaussians are being rasterized.

1 point for deriving the correct volume rendering formula c =
∑

i Tiαici.

Subtract half a point for arithmetic errors or lack of final result.

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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Question 12: Parametric Human Body Models (8 points)

a) Consider the following parameters in SMPL model:

• [β1, ..., βN ]: Shape blend shape coefficients. (Total of N blend shapes)

• [S1,i, ..., SN,i]: Shape blend shape displacements for vertex i.

• t̄i: Rest position in mean shape for vertex i.

• [G1(θ), ..., GK(θ)]: World transformation of joints under pose θ. (Total of K
joints)

• [w1,i, ..., wK,i]: Blend skinning weights for vertex i.

• θ0: Rest pose.

i) Calculate the position of vertex i exclusively after applying the shape blend shapes.
1 pt.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

t̄i +
N∑

n=1

βnSn,i.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

ii) Determine the number of coefficients required for pose blend shapes. 1 pt.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

9K.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

iii) Given t′i, the position of vertex i after incorporating shape and pose blend shapes
in canonical space, find the final position of vertex i under pose θ. 2 pts.
ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

K∑
k=1

wk,iGk(θ)Gk(θ0)
−1t′i.

ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER ANSWER

b) Consider a 2D articulated arm with two joints. Calculate the positions of two vertices
on the arm after applying linear blend skinning. We define v as the canonical vertex
positions, w as the skinning weights, and G as the joint transformation matrices after
removing the transformation due to the rest pose. Subscripts indicate vertex indices,
and superscripts indicate joint indices. 4 pts.
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v1 = (2, 1)⊤, w1 = (0.5, 0.5)⊤

v2 = (1,−1)⊤, w2 = (0.75, 0.25)⊤

G1 =

1 0 1
0 1 −2
0 0 1

 , G2 =

0 −1 2
1 0 4
0 0 1


ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER

Solution:
Let v′1 be the homogeneous coordinates of v1. For the final homogeneous position u′

after skinning, we have:

u′
1 =

(
w1

1G
1 + w2

1G
2
)
v′1

=

0.5

1 0 1
0 1 −2
0 0 1

+ 0.5

0 −1 2
1 0 4
0 0 1

2
1
1


=

 2
2.5
1


u′
2 =

(
w1

2G
1 + w2

2G
2
)
v′2

=

0.75

1 0 1
0 1 −2
0 0 1

+ 0.25

0 −1 2
1 0 4
0 0 1

 1
−1
1


=

2.25
−1
1


Thus, the final positions after skinning are (2, 2.5)⊤ and (2.25,−1)⊤.
Grading: 2 pts for each vertex (1 pt for formulation, 1 pt for calculation).

ANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWERANSWER
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