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Autoregressive Models

VAEs:
p(x ) =

∫
z

p(x |z)p(z) dz

• Predicts the joint distribution p(x1, ..., xn) via integral over
variable z.

• No explicit conditioning for the previous pixel(i.e. which pixel
depends on which).

• Intractable log likelihood.
Autoregressive Models:

p(x ) =
n∏

i=1

p(xi | x1, ... , xi−1) =
n∏

i=1

p(xi | x<i )
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Autoregressive Models - Cont’d

Autoregressive Models:

p(x ) =
n∏

i=1

p(xi | x1, ... , xi−1) =
n∏

i=1

p(xi | x<i )

• Uses the default factorization of p(x1, ..., xn) given by the
chain rule.

• Sequence model, can also be used to generate data.

• Tractable log likelihood.

Haonan Chen 2025-05-02 4



Autoregressive Models - Cont’d

Autoregressive Models:

p(x ) =
n∏

i=1

p(xi | x1, ... , xi−1) =
n∏

i=1

p(xi | x<i )

How to estimate p(xi | x<i ) correctly and efficiently.
• Tabular: table to record the pixel distribution for all

permutation.
• NADE: weight sharing neural network
• MADE: autoencoder way
• Pixel RNN: RNN way
• Pixel CNN: CNN
• WaveNet: CNN(Dilated Convolution)
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Example: Neural Autoregressive Density
Estimator(NADE)

hk = σ(W.,<kx<k + b)

yk = p(xk | xk−1
1 ) = σ(Vkhk + ck )

Figure: Neural Autoregressive
Density Estimator (NADE)
source
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Example: Masked Autoencoder Distribution
Estimator(MADE)

Use mask matrix to achieve p(xi | x<i ).
Digit i inside node:

• Middle layers: contain the information x≤i

• Final layers: contain the information x<i

Figure: MADEsource
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RNN as Image Generator

Although GANs and VAEs are the most common choices of
generative models for images, we can also use a recurrent
neural network for the same task. Assume that we represent an
image as a sequence of pixels. We train an RNN model (see Fig.
2) on images x ∈ RT where a pixel xt corresponds to time step t .

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

Figure: Generative model of RNN in graphical model notation. ht is
RNN hidden state at time-step t .
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Questions

At each time-step, the RNN gets the pixel xt and updates its
hidden state ht by ht = fθ(ht−1, xt ), where fθ is a deterministic
transition function defined by the RNN cell of our choice such as
LSTM or GRU.

a) What is the log-likelihood training objective log pθ(x1 · · · xT )
of this model?

log pθ(x1 · · · xT ) =
T∑

t=1

log pθ(xt |x<t )

or

=
T∑

t=1

log pθ(xt |ht−1)

(1)
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Questions - Cont’d

a) Write one advantage and disadvantage of using this RNN
model over VAEs in image modeling task.

Advantage: exact log-likelihood objective.
Disadvantage: slower inference due to sequential generation.

b) Explain how we can generate a new image.
Given the hidden state h0, sample the first pixel x1 by the
estimated distribution p(x1|h0),
Recursively predict hidden state ht and pixel xt+1 by feeding the
previously hidden state ht−1 and pixel xt .
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Introducing Stochasticity to RNNs

• The internal transition (i.e., f θ) of a standard RNN is
deterministic.

• Only source of randomness → the conditional output
probability model.
pθ(xt |x<t ) can be represented with Bernoulli or Gaussian
distributions for discrete and real-valued data, respectively.

• We can also have a fully deterministic model by predicting
just the data rather than parameters of a probabilistic model.
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Introducing Stochasticity to RNNs II

• Due to the deterministic evolution of the hidden state, RNNs
model the variability in the data by means of the
conditional output distributions, which may be
insufficient for highly structured data such as speech
and images.

• Such data can be characterized by the correlation between
the output variables (i.e., multivariate data) and strong
dependencies between variables at different time-steps (i.e.,
long-term dependencies). There also exists a complex
relationship between the underlying factors of variation and
the observed data.
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VRNN

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

𝑧𝑡

Figure: Variational RNN (VRNN) in graphical model notation.
RNN is augmented with a random latent variable zt in order to increase
the modelling capacity and to better capture the uncertainty.
Green dashed connections represent the computation that is part of
the inference model.

Haonan Chen 2025-05-02 13



VAE interpretation

VRNN contains a VAE at every time-step.
Standard VAE:

• The prior term is a fixed Gaussian N (0, I)

• The inference and generation operations are parameterized
by neural networks.

Similarly, the VRNN consists of the same prior, inference and
generation operations as well as a recurrence step to take into
account the temporal structure.
The prior is dynamic and conditioned on the state variable ht−1

(see Figures 3 and 4-a). There is a common subset between the
inference ϕ and generative θ model parameters.
The operations are tied through the RNN hidden state ht .
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VRNN

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

𝑧𝑡

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

𝑧𝑡

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

𝑧𝑡

ℎ𝑡−1

𝑥𝑡

ℎ𝑡

𝑧𝑡

(a) Prior (b) Generation (c) Recurrence (d) Inference

Figure: VRNN decomposed into individual operations.

Note that our notation drops the condition on the hidden states
when we mention the distributions over the set of variables. For
example, pθ(z) = pθ(z1 ... zT ) and the random variables zt

depends on the deterministic variables ht−1 as in Fig.4-(a).
While we could write the condition explicitly pθ(z |h), we use pθ(z)
in our notation. It also applies to pθ(x |z) and qϕ(z |x ).
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VRNN Questions

a) Write down the factorization over time of the prior pθ(z).

The prior is no longer a fixed Gaussian. It is condi-
tioned on h. We still use a network to predict µ and σ

of a Normal dist’n similar to the VAE approx. posterior.

pθ(z) =
T∏

t=1

pθ(zt |z<t , x<t ), (2)

where the condition on x<t and z<t correspond to
the dependencies on the past time-steps through the
deterministic hidden state ht−1.
The following is also accepted if you explain your
assumption.

pθ(z) =
T∏

t=1

pθ(zt |ht−1), (3)

where the dependencies on the past instances x<t

and z<t are implicitly captured by ht−1. Or we can
write it explicitly as follows:

pθ(z) =
T∏

t=1

pθ(zt |ht−1)pθ(ht−1|ht−2, zt−1, xt−1) (4)
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VRNN Questions

b) Write down the factorization over time of the inference
model qϕ(z |x ). (Hint: consider the inference and recurrence
graphs.)

It is very similar to the ELBO in non-sequential VAEs.
We need to make a temporal extension by considering
the dependencies over time.

qϕ(x |z) =
T∏

t=1

qϕ(zt |xt , x<t , z<t ), (5)

where the condition on x<t and z<t correspond to

the dependencies on the past time-steps through the

deterministic hidden state ht−1.
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VRNN Questions - Cont’d

c) Write down the transition function fθ. Explain intuitively what
difference it makes, compared to the deterministic transition
function in the first part. (Hint: consider the recurrence
graph.)

ht = fθ(ht−1, xt , zt ) (6)

The latent random variable is part of the transition
function now. The stochasticity in the latent samples
introduces a new source of variation. It makes the
transition function more robust.
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VRNN Questions - Cont’d

d) Write down the factorization over time of the generative
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VRNN Questions - Cont’d

e) What is the full training objective (i.e. ELBO L(θ, ϕ; x ))?

Given the factorization of p(z), qϕ(z|x ) and pθ(x , z), We take the
ELBO Lt over the entire sequence.

L(θ, ϕ; x ) =
T∑

t=1

Eqϕ(zt |xt ,x<t ,z<t )[log pθ(xt |zt , z<t , x<t )]−

DKL
(
qϕ(zt |xt , x<t , z<t )||pθ(zt |z<t , x<t )

)

Haonan Chen 2025-05-02 20



VRNN Questions - Cont’d

e) What is the full training objective (i.e. ELBO L(θ, ϕ; x ))?
Given the factorization of p(z), qϕ(z|x ) and pθ(x , z), We take the
ELBO Lt over the entire sequence.

L(θ, ϕ; x ) =
T∑

t=1

Eqϕ(zt |xt ,x<t ,z<t )[log pθ(xt |zt , z<t , x<t )]−

DKL
(
qϕ(zt |xt , x<t , z<t )||pθ(zt |z<t , x<t )

)

Haonan Chen 2025-05-02 20



VRNN Questions - Cont’d

f) In the standard VAE, the KL-divergence term ensures that
the approximate posterior does not deviate too much from
the fixed prior. It can be considered as a bound on the
approximate posterior, enforcing the model to pack more
information. Hence, it results in a smoother latent space.
Consider the KL-divergence term in the VRNN objective.
Explain intuitively what it implies.
(Hint: consider the inputs of the approximate posterior and
the prior models and the trade-off between the ELBO
terms.)
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KL in VRNN
First, let’s have a look at the ELBO. The first term is the reconstruction of the
current step xt by using the previous hidden state ht−1 and the latent sample
zt . At training time, the latent variable zt (i.e., the inference model qϕ(zt |xt )) is
computed by using the hidden state ht−1 and the current step xt . If you ignore
the recurrence, it is the same as the VAEs.
Note that the inputs of the approximate posterior (i.e., inference) and prior
models are the same except the additional input xt to the inference model. Due
to the difference in the inputs, there is a discrepancy between these
distributions by design.
As we know, the KL term aims to minimize the discrepancy between the
approximate posterior and the prior. There are two scenarios:
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KL II

(i) The approximate posterior model ignores the additional information from
xt so that minimizing the KL term is straightforward. In this case the
latent variable zt is no longer informative and the generation mostly relies
on the hidden state ht−1.

(ii) The approximate posterior model exploits some information from the
input xt so that the reconstruction term (i.e., the first term in ELBO) is
better optimized. In the meantime, the KL term ensures that (a) the
approximate posterior does not memorize the input content xt and (b) the
prior is enforced to be predictive of the next step t by only using the past
information ht−1. Note that the latter is achieved since the prior is also
parameterized by a network.

Hence, we can reliably use the prior zt to predict the next step xt+1 at test time.
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Normalizing Flows

Why Normalizing Flows?

• explicit density: VAE dose not have explicit density – for a
generated data x, we don’t know its probability density.

• latent space: Autoregressive Models have explicit density,
but lack the concept of latent space.
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Normalizing Flows - Cont’d

With an appropriate f(x).

Figure: Normalizing Flow(NF)
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Coupling Layer
β dose not have to be invertible(where you can apply Neural
Network).
But h should be invertible(usually either addition or affine
transform on X A)

Figure: Coupling Layer
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Planar NF

Given the latent variable z ∈ Rd and the observation x ∈ Rd , the
mapping function is given by

x = f (z) = z + u · h
(
wT z + b

)
, (8)

where u ∈ Rd , w ∈ Rd and b ∈ R are learnable parameters, and
h(·) is a nonlinear activation function. You can assume that f is
continuously differentiable and invertible.
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Question 1

Assuming z ∼ N (0, I), i.e., pz (z) =
∏

i
1√
2π

e−
z2
i
2 , prove that the

objective function over the learnable parameters u, w and b can
be

arg min L = arg max{log px (x )} = arg min

{
|z |2

2
+ log |1 + h

′
uT w |

}
,

(9)
in which h

′
(s) = ∂h/∂s.

hint: matrix determinant lemma, change of random variables.
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Q1 Sol’n
According to Eq. 8, we can get

∂f
∂z

= I + u
∂h
∂z

= I + h
′
uwT .

According to the matrix determinant
lemma, we can have∣∣∣det

∂f
∂z

∣∣∣ =
∣∣det (I + h

′
uwT )

∣∣ =
∣∣1 + h

′
uT w

∣∣ .

The principle of change of random
variable gives us

p(x ) = p(z)
∣∣∣det

∂f
∂z

∣∣∣−1
,

so we can derive

log p(x ) = log p(z) − log
∣∣∣det

∂f
∂z

∣∣∣
= log p(z) − log |1 + h

′
uT w |

= −
|z|2

2
− d log

√
2π − log |1 + h

′
uT w |

We can drop the terms that do not depend on
trainable parameters. Therefore, we have

arg min L = arg max{log p(x )}

= arg min

{
|z|2

2
+ log |1 + h

′
uT w |

}
,
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Conditional Coupling Normalizing Flow
Consider an example of conditional normalizing flow:

p(x |c) = p(z |c)
∣∣∣∣det

∂f (z)
∂z

∣∣∣∣−1

with x , z ∈ RD. The function f (·) is given by a coupling layer, i.e.

x0 = z0

x1 = τ (z0) + z1 ⊙ σ (Az0 + b) ,

in which x0, z0 ∈ Rd0 , x1, z1 ∈ RD−d0 , σ(·) > 0 is a nonlinear
activation function, τ : Rd0 → RD−d , A and b are learnable affine
transform parameters, and ⊙ denotes element-wise
multiplication (Hadamard product).
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Q1

Prove the following exact likelihood

log p(x |c) = log p(z |c) −
D−d0∑

j=1

log[σ (Az0 + b)]j , (10)

in which []j denotes the j-th entry of the vector.
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Sol’n
We first apply logarithms at Eq. 30 and get

log p(x |c) = log p(z|c) − log
∣∣∣det

∂f (z)

∂z

∣∣∣ . (11)

Then, the Jacobian matrix is given by

∂f
∂z

=

(
I 0

∂x1
∂z0

diag (σ(Az0 + b))

)
(12)

Thus, we have ∣∣∣det
∂f
∂z

∣∣∣ =

∣∣∣∣∣
D−d0∏

j=1

[σ (Az0 + b)]j

∣∣∣∣∣ =

D−d0∏
j=1

[σ (Az0 + b)]j , (13)

and hence

log p(x |c) = log p(z|c) −
D−d0∑

j=1

log[σ (Az0 + b)]j . (14)
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