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Outline

• 1st hour: Implement your own MLP

• 2nd hour: Linear Regression and PyTorch

• Try yourself: XOR notebook and Eye Gaze Estimation notebook
(NumPy), Linear Regression (PyTorch)
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XOR problem

Haonan Chen, Christian Metzner 2025-02-27 3



Feed-Forward Neural Network
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Building Blocks

• Activation function: g

• Forward pass: ŷ = g (xT W 1)w2

• Loss function: L(ŷ , ytrue)

• Backward pass: ∇L (W )

• Optimizer: Wt+1 = update (Wt , ∇L (Wt ))
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Activation Function

• Non-linear function

• Differentiable

• Computational Efficiency

• Non-saturating Functionality

• Output Range
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Sigmoid

σ(x) =
1

1 + e−x

∂σ(x)
∂x

= σ(x) ⊙ (1 − σ(x))
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Forward Pass

• Compute for i = 1, ..., N

ŷi = σ (xT
i W 1)w2

• Batch evaluation
ŷ = σ

(
XW 1

)
w2
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(optional) sidenote on batch size

The batch size is an important tunable hyperparameter.
Arguments for a larger batch size:

• Estimate is closer to true gradient

• Parallelization

Arguments for a smaller batch size:

• More weight updates for the same amount of computation

• Randomness in gradient estimate is not always a bug, but often a
feature (can escape local minima and achieve better
generalization)

link
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https://stats.stackexchange.com/questions/316464/how-does-batch-size-affect-convergence-of-sgd-and-why


Loss function

• Measure goodness of estimated output, ŷ , in comparison to true
output, y

• Examples:

– Regression: MSE, MAE, ...
– Classification: Hinge, Cross Entropy, ...

L(ŷ , y ) =
1
N

N∑
i=1

1
2

∥ŷi − yi∥2
2
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Backpropagation

Suppose y = g(x), and z = f (g(x)) = f (y )
How to obtain ∂z

∂x ?

Chain rule!

∂z
∂x

=
∂z
∂y

∂y
∂x

Now suppose x ∈ Rm, y ∈ Rn and z ∈ R:

∂z
∂x

= [
∂z
∂x1

, ...,
∂z
∂xm

] = ∇xzT

∂z
∂xi

=
∂z
∂y

∂y
∂xi

=
n∑

j=1

∂z
∂yj

∂yj

∂xi
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Backpropagation

Suppose y = g(x), and z = f (g(x)) = f (y )
How to obtain ∂z

∂x ? Chain rule!

∂z
∂x

=
∂z
∂y

∂y
∂x

What about ∂y
∂x , with x ∈ Rm and y ∈ Rn?

∂y
∂x

=


∂y1
∂x1

... ∂y1
∂xm

... ...
∂yn
∂x1

... ∂yn
∂xm

 = Jx (y ) , or shorter Jij =
∂yi

∂xj
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Backpropagation

Suppose y = g(x), and z = f (g(x)) = f (y )
How to obtain ∂z

∂x ? Chain rule!

∂z
∂x

=
∂z
∂y

∂y
∂x

= Jy (z) · Jx (y )

= (∇y z)T · Jx (y )
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Backpropagation

Compute ∇L (W ) = ∂L
∂W

• Output Layer: ∂L/∂W2

• Hidden Layer: ∂L/∂W1
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Feed-Forward Neural Network
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Backpropagation

Compute ∇L (W ) = ∂L
∂W

• L = 1
N

∑N
i=1

1
2 (ŷi − yi )2 = 1

2N ||ŷ − y ||22
• ŷ = σ(XW 1)w2 = σ(H)w2 = Aw2

• W1 ∈ RM×K , w2 ∈ RK , A,H ∈ RN×K

• X = [x1, ..., xN ]T , X ∈ RN×M

• ŷ = [ŷ1, ..., ŷN ]T , y , ŷ ∈ RN
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Backpropagation

ŷ = σ(XW 1)w2 = σ(H)w2 = Aw2

X ∈ RN×M , W1 ∈ RM×K , w2 ∈ RK , y , ŷ ∈ RN , A,H ∈ RN×K

Compute ∇L
(
w2)

= ∂L
∂w2

Chain rule:

• ∂L
∂w2 = ∂L

∂ŷ
∂ŷ

∂w2

• ∂L
∂ŷ = [ ∂L

∂ŷ1
, ..., ∂L

∂ŷN
] and ∂L

∂ŷi
=

∂ 1
N

∑N
i=1

1
2 (ŷi −yi )2

∂ŷi
= 1

N (ŷi − yi )

• ∂ŷ
∂w2 = Jw2 (ŷ )

• Jw2 (ŷ )ij = ( ∂ŷ
∂w2 )ij = ∂ŷi

∂w2
j

• Being ŷi = σ(xT
i W 1)w2 = Ai ,:w2

• ∂ŷi
∂w2

j
= ∂(Ai ,:w2)

∂w2 j = Aij ⇒ Jw2 (ŷ ) = A
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Haonan Chen, Christian Metzner 2025-02-27 17



Backpropagation
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∂ŷ

∂w2

• ∂L
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Backpropagation

ŷ = σ(XW 1)w2 = σ(H)w2 = Aw2
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(
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∂ŷ
∂ŷ

∂w2

• ∂L
∂ŷ = [ ∂L

∂ŷ1
, ..., ∂L

∂ŷN
] and ∂L

∂ŷi
= 1

N (ŷi − yi )T

• ∂ŷ
∂w2 = Jw2 (ŷ ) = A

Hence finally:

∂L
∂w2 =

1
N

[(ŷ1 − y1), ..., (ŷN − yN )] · A
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Backpropagation

ŷ = σ(XW 1)w2 = σ(H)w2 = Aw2

X ∈ RN×M , W1 ∈ RM×K , w2 ∈ RK , y , ŷ ∈ RN , A,H ∈ RN×K

Compute ∇L
(
W 1)

= ∂L
∂W 1

Chain rule:

• ∂L
∂W 1 = ∂L

∂ŷ
∂ŷ

∂W 1 = ∂L
∂ŷ

∂ŷ
∂A

∂A
∂H

∂H
∂W 1

• ( ∂L
∂W 1 )ij = ∂L

∂W 1
ij

= ∂L
∂ŷ

∂ŷ
∂W 1

ij
= [ ∂L

∂ŷ1
, ..., ∂L

∂ŷN
] · [ ∂ŷ1

∂W 1
ij

, ..., ∂ŷN
∂W 1

ij
]T

• ∂ŷn
∂W 1

ij
= ∂ŷn

∂An,:

∂An,:

∂W 1
ij

= ∂An,:w2

∂An,:

∂An,:

∂W 1
ij

= w2T ∂An,:

∂W 1
ij

• ∂An,:

∂W 1
ij

= ∂An,:
∂H

∂H
∂W 1

ij
= ∂An,:

∂Hn,:

∂Hn,:

∂W 1
ij

= ∂σ(Hn,:)
∂Hn,:

∂Hn,:

∂W 1
ij

= diag(σ′(Hn,:))
∂Hn,:

∂W 1
ij

• ∂Hn,:

∂W 1
ij

= ∂(Xn,:W 1)
∂W 1

ij
=

∂[Xn,:W 1
:,1,...,Xn,:W 1

:,K ]

∂W 1
ij

= [0, ..., Xn,i , ..., 0]T (jth pos.)
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∂An,:

∂An,:

∂W 1
ij

= ∂An,:w2

∂An,:

∂An,:

∂W 1
ij

= w2T ∂An,:

∂W 1
ij

• ∂An,:

∂W 1
ij

= ∂An,:
∂H

∂H
∂W 1

ij
= ∂An,:

∂Hn,:

∂Hn,:

∂W 1
ij

= ∂σ(Hn,:)
∂Hn,:

∂Hn,:

∂W 1
ij

= diag(σ′(Hn,:))
∂Hn,:

∂W 1
ij

• ∂Hn,:

∂W 1
ij

= ∂(Xn,:W 1)
∂W 1

ij
=

∂[Xn,:W 1
:,1,...,Xn,:W 1

:,K ]

∂W 1
ij

= [0, ..., Xn,i , ..., 0]T (jth pos.)

Haonan Chen, Christian Metzner 2025-02-27 19



Backpropagation
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∂ŷ

∂ŷ
∂A

∂A
∂H

∂H
∂W 1

• ( ∂L
∂W 1 )ij = ∂L

∂W 1
ij

= ∂L
∂ŷ
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Backpropagation

Take-away messages:

1. Be careful with the notation

2. Always be aware of the dimensions

3. When in doubt, compute the matrix of derivatives (Jacobian) one
element at a time
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Optimization

• Update weights W based on ∇L (W ) via an update rule:
Wt+1 = update(Wt , ∇L (Wt ))

• Many optimization algorithms: GD, SGD, ADAM, RMSprop, ...

Gradient descent:
Wt+1 = Wt − λ · ∇L (Wt )
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Predictions and Visualization
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On your own

• Notebook: XOR

– Section "Questions and Additional Exercises"

• Notebook: Eye Gaze Estimation

– Refactor and generalize the code
– Apply the learned concepts to the task of eye-gaze estimation
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Questions ?
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